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OPTIMAL SPACE OF LINEAR CLASSICAL OBSERVABLES
FOR MAXWELL k-FORMS VIA SPACELIKE AND
TIMELIKE COMPACT DE RHAM COHOMOLOGIES
MARCO BENINI
Abstract. Being motivated by open questions in gauge field theories,
we consider non-standard de Rham cohomology groups for timelike com-
pact and spacelike compact support systems. These cohomology groups
are shown to be isomorphic respectively to the usual de Rham coho-
mology of a spacelike Cauchy surface and its counterpart with compact
support. Furthermore, an analog of the usual Poincare´ duality for de
Rham cohomology is shown to hold for the case with non-standard sup-
ports as well. We apply these results to find optimal spaces of linear
observables for analogs of arbitrary degree k of both the vector poten-
tial and the Faraday tensor. The term optimal has to be intended in
the following sense: The spaces of linear observables we consider dis-
tinguish between different configurations; in addition to that, there are
no redundant observables. This last point in particular heavily relies on
the analog of Poincare´ duality for the new cohomology groups.
1. Introduction
Recently, there have been several attempts to deal with the algebraic
quantization of electromagnetism and, more generally, of gauge theories in
the framework of general local covariance [14]. It is worth to mention the
attempt of [11,16] to quantize electromagnetism via the Faraday tensor and
the various attempts to deal with the gauge theory of the vector potential
[15, 17–19, 21, 29, 31]. Furthermore, general linear gauge theories have been
analyzed in [25], while a thorough analysis of electromagnetism as a U(1)
Yang-Mills model can be found in [6, 8]. Many details about general local
covariance in the broader family of quasilinear field theories are discussed
in [27].
At some point, all these different approaches exhibit a certain sensitivity
to specific cohomological properties of the background spacetime causing
general local covariance not to hold. In particular, several slightly different
approaches in defining the space of classical observables have been considered
in order to recover general local covariance. Already at a classical level, this
fact raises the question of finding an optimal space of observables for a given
field theory.
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Up to now modifications to the space of classical observables have been
considered with the aim of recovering general local covariance. More specif-
ically, mild variations in the classical models have been taken into account
in the attempt to prevent spacetime embeddings to give rise to non-injective
morphisms already at the level of the classical observables. Here we would
like to assume a different, more intrinsic, approach to the problem of the
choice of the most suitable space of functionals to be regarded as observables
for classical field configurations.
According to [13], one regards classical observables as functionals on the
space of field configurations. In particular, when dealing with linear equa-
tions of motion, as a starting point one considers linear functionals defined
on off-shell field configurations. In case the model exhibits a gauge symme-
try, only gauge invariant functionals are taken into account. At this point
one implements also the dynamics in a dual fashion, thus the evaluation
of the resulting linear functionals makes sense only for (gauge classes of)
on-shell configurations. The question is now the following: Is the space of
functionals obtained according to these prescriptions optimal for the clas-
sical field theoretical model under analysis? We adopt the criteria stated
below in order to give a precise meaning to the term optimal employed in
the last sentence:
Separability of configurations: One might ask whether the result-
ing space of functionals is sufficiently rich in order to distinguish all
possible classical field configurations. As a matter of fact, it would
be unsatisfactory, at least from a classical perspective, not to be able
to distinguish solutions to the equation of motion which are not the
same (or which are not regarded as being equivalent due to gauge
symmetry).
Non-redundancy of observables: Another relevant point is redun-
dancy of the resulting space of functionals on (gauge classes of) on-
shell field configurations. This amounts to require that no elements
in this space provide the same outcomes upon evaluation on all pos-
sible solutions to the field equations (eventually, up to gauge). If
this is not the case, then one is over-counting observables.
Both requirements trivially hold true for any field theory ruled by a Green-
hyperbolic linear differential operator, see e.g. [2,3] for a detailed description
of these models also at a quantum level. The same conclusion can be eas-
ily extended to the affine field theories considered in [7]. They tipically
become non-trivial for systems ruled by non-hyperbolic equations with an
underlying gauge symmetry. In this case separability of field configurations
might be unclear due to the restriction to gauge invariant functionals one
is forced to take into account in defining observables for a gauge theory.
As for non-redundancy of observables, it is related to the fact that on-shell
configurations for non-hyperbolic equations are obtained from initial data
with certain restrictions. For example, separability of configurations was
shown to fail for the space of gauge invariant affine functionals considered
in [8], where electromagnetism is regarded as a U(1) Yang-Mills model. This
failure suggested to modify the structure of the functionals in order to re-
cover the ability to separate gauge classes of on-shell field configurations,
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thus leading to the results of [6]. To the best of our knowledge, the require-
ment of non-redundancy for the space of observables was never explicitly
considered before.
The question we address in this paper is whether separability of field con-
figurations and non-redundancy of the space of observables hold true for the
spaces of linear functionals obtained along the lines sketched above when
dealing with analogs of the Faraday tensor and of the vector potential in
arbitrary degree. This would allow us to interpret these spaces as being
optimal (with respect to the criteria stated above) to define classical observ-
ables for the Faraday tensor and for the vector potential in arbitrary degree.
It turns out that separability of field configurations is trivial for the Faraday
tensor, while it follows from Poincare´ duality between de Rham cohomology
and its counterpart with compact support in the case of the vector potential.
As for non-redundancy of observables, the problem is more subtle. In par-
ticular, it is related to certain analogs of the de Rham cohomology groups
defined out of forms with support contained inside spacelike compact and
respectively timelike compact regions.
We study these cohomology groups with non-standard support in detail
in the first part of the paper. In particular, we exhibit isomorphisms be-
tween spacelike compact and timelike compact cohomologies and the usual
de Rham cohomologies of a spacelike Cauchy surface with respectively com-
pact and non-compact support. Furthermore, a relation similar to the usual
Poincare´ duality for de Rham cohomologies is show to hold between the
new cohomology groups. This result plays a central role in proving non-
redundancy for the space of linear functionals we consider in the case of the
Faraday tensor as well as the one taken into account when dealing with the
gauge theory of the vector potential.
Unfortunately cohomology groups with spacelike compact or timelike com-
pact support do not exhibit a manifest functorial nature. This is due to the
fact that forms with spacelike compact and timelike compact support do
not behave well neither in a covariant nor in a contravariant way. In this
respect, the author would like to mention an upcoming work [28], where
results strongly related to those of the present paper are achieved by means
of different techniques connected to the dynamics of the Laplace-de Rham
operator  = δd + dδ on a globally hyperbolic spacetime. This approach
should clarify whether and to what extent spacelike compact and timelike
compact cohomologies fail in showing a functorial behavior.
The paper is organized as follows: In Section 2 we recall the definition
of a globally hyperbolic spacetime, together with some features which are
relevant to the present discussion. Section 3 is devoted to provide the math-
ematical background for the study of de Rham cohomology. We get to
the point where sufficient structure is available in order to to formulate
Poincare´ duality between de Rham cohomology groups with compact sup-
port and de Rham cohomology groups with restriction on the support. In
Section 4, spacelike compact cohomology groups are introduced and an iso-
morphism with de Rham cohomology groups with compact support of a
spacelike Cauchy surface is exhibited. The same procedure is followed in
Section 5 for timelike compact cohomology groups, which are shown to be
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isomorphic to de Rham cohomology groups of a spacelike Cauchy surface.
Section 6 is devoted to prove an analog of Poincare´ duality between space-
like compact and timelike compact cohomologies. We conclude with Section
7 studying the dynamics of the analogs in arbitrary degree of the vector
potential (δdA = 0 where a field configuration A is given up to exact forms)
and of the Faraday tensor (dF = 0 and δF = 0). In particular, we introduce
suitable spaces of (gauge invariant, in the case of the vector potential) lin-
ear functionals modulo equations of motion. Exploiting standard Poincare´
duality as well as its counterpart for spacelike compact and timelike com-
pact cohomologies, it is shown that the resulting quotients provide optimal
spaces of classical observables with respect to the criteria of separability of
field configurations and of non-redundancy of observables.
2. Lorentzian geometry
In this section we recollect some well-known facts about Lorentzian geom-
etry with a particular focus on globally hyperbolic spacetimes. As general
references we follow [4,5, 32].
From now on we will assume all manifolds to be Hausdorff, second count-
able, smooth, boundaryless, orientable and of dimension m ≥ 2. Further-
more, maps between manifolds are implicitly taken to be smooth.
Definition 2.1. A Lorentzian manifold (M,g) is a manifold M endowed
with a Lorentzian metric g, whose signature is of type −+ · · ·+.
Lorentzian manifolds provide the appropriate background to distinguish
tangent vectors v ∈ TpM at a point p ∈M among three classes:
a. v is timelike if g(v, v) < 0;
b. v is lightlike if g(v, v) = 0;
c. v is spacelike if g(v, v) > 0.
Causal tangent vectors are either timelike or lightlike. This distinction can
be used to classify certain curves γ : I →M onM according to the behavior
of the vector γ˙ tangent to the curve: γ is timelike, lightlike or causal if γ˙(s)
is such for each s ∈ I.
Definition 2.2. A Lorentzian manifold (M,g) is time-orientable if there
exists a vector field t which is timelike everywhere. Any such t provides a
time-orientation for (M,g).
A spacetime is a quadruple (M,g, o, t), where (M,g) is a time-orientable
Lorentzian manifold, o is a choice of orientation for M and t is a choice of
time-orientation.
Fixing a time-orientation t enables one to distinguish non zero causal
tangent vectors 0 6= v ∈ TpM in two classes:
a. v is future-directed if g(t, v) < 0;
b. v is past-directed if g(t, v) > 0.
Accordingly, one can also define causal curves to be past-/future-directed
if the vector tangent to the curve is future-/past-directed everywhere along
the curve. We are thus in position to define the causal future/past J±M (S) of
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a subset S ⊆M as the set of points which can be reached by a future-/past-
directed causal curve emanating from S. Similarly, one defines the chrono-
logical future/past I±M (S) of S taking into account only timelike curves. Fur-
thermore, it is conventional to introduce JM (S)
.
= J+M (S) ∪ J
−
M (S) and
similarly IM (S)
.
= I+M (S) ∪ I
−
M (S).
Definition 2.3. Let (M,g, o, t) be a spacetime. A Cauchy surface Σ for
(M,g, o, t) is a subset of M intersecting each inextensible timelike curve ex-
actly once. (M,g, o, t) is globally hyperbolic if there exists a Cauchy surface.
Note that, without any further assumption, a Cauchy surface is a (m−1)-
dimensional submanifold of M only in the topological sense. However, any
Cauchy surface considered in the following is implicitly supposed to be a
smooth submanifold, unless otherwise stated.
One of the most prominent results about globally hyperbolic spacetimes
is the following theorem [9,10].
Theorem 2.4. On a spacetime (M,g, o, t) the statements below are equiva-
lent:
a. (M,g, o, t) is globally hyperbolic;
b. (M,g, o, t) is isometric to R × Σ endowed with the metric −βdt ⊗
dt + ht, where Σ is a spacelike Cauchy surface for (M,g, o, t), t :
R × Σ → R is the projection on the first factor, β ∈ C∞(R × Σ) is
strictly positive, R ∋ t 7→ ht provides a smooth 1-parameter family of
Riemannian metrics on Σ and {t}×Σ is a spacelike Cauchy surface
of (M,g, o, t) for each t ∈ R.
Furthermore, any spacelike Cauchy surface Σ for (M,g, o, t) induces a
foliation of (M,g, o, t) of the type described in statement b.
From now on, we will often refer to a globally hyperbolic spacetime
(M,g, o, t) explicitly denoting only the underlying manifold M , the rest of
the data being understood.
We conclude the present section recalling some nomenclature for subsets
S of a globally hyperbolic spacetime M :
pc/fc: S ⊆M is past compact (future compact) if S ∩ J−M (K) (respectively
S ∩ J+M (K)) is compact for each K ⊆M compact;
tc: S ⊆ M is timelike compact if it is both past-compact and future-
compact;
sc: S ⊆ M is spacelike compact if it is closed and there exists K ⊆ M
compact such that S ⊆ JM (K).
3. Forms, de Rham cohomology and Poincare´ duality
This section is devoted to recall some standard results about de Rham
cohomology for arbitrary differential forms and differential forms with com-
pact support. The final aim is to provide the sufficient background to state a
version of Poincare´ duality between cohomology and cohomology with com-
pact support. We take the chance to set some notation which will be used
later on. Our references are the classic books [12,20].
As it is customary, the space of differential forms Ωk(M) of degree k on
a m-dimensional manifold M is introduced as the space of sections of the
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k-th exterior power
∧k(T ∗M) of the cotangent bundle T ∗M . Therefore
Ω∗(M) =
⊕
k Ω
k(M) is naturally endowed with the structure of a graded
algebra with respect to the wedge product ∧. One might also consider forms
with compact support on M , denoted by Ω∗c(M).
If M is oriented, a natural notion of integral is defined for forms of top
degree k = m. In particular, we have a bilinear pairing 〈·, ·〉 between k-forms
and (m− k)-forms:
(3.1) 〈α, β〉 =
∫
M
α ∧ β ,
where α ∈ Ωk(M) and β ∈ Ωm−k(M) are supposed to have supports with
compact intersection. In particular, one has a non-degenerate pairing 〈·, ·〉 :
Ωkc (M)× Ω
m−k(M)→ R.
IfM is endowed with a metric and an orientation (for example, this is the
case for a spacetime according to Definition 2.2), the Hodge star operator
∗ :
∧k(T ∗M)→ ∧m−k(T ∗M) is defined, see e.g. [26, Section 3.3]. ∗ induces
a non-denerate inner product on
∧k(T ∗M) defined by
(3.2) (ξ, η) ∈
∧k(T ∗M)×∧k(T ∗M) 7→ ∗−1(ξ ∧ ∗η) ∈ R ,
while ∗1 ∈ Ωm(M) defines the standard volume form vol for a pseudo-
Riemannian oriented manifold. We get a symmetric pairing (·, ·) between
k-forms integrating the inner product defined in eq. (3.2) with the volume
form vol:
(3.3) (α, β) =
∫
M
∗−1(α ∧ ∗β)vol =
∫
M
α ∧ ∗β = 〈α, ∗β〉 ,
where α, β ∈ Ωk(M) have supports with compact intersection. In particular,
(·, ·) is a non-degenerate bilinear pairing between Ωkc (M) and Ω
k(M).
For differential forms of any degree on a m-dimensional manifold M , one
has the differential d : Ωk(M)→ Ωk+1(M) forming the well-known de Rham
complex:
(3.4) 0 −→ Ω0(M)
d
−→ Ω1(M)
d
−→ · · ·
d
−→ Ωm(M) −→ 0 .
From this complex, for each k ∈ {0, . . . ,m}, one defines de Rham coho-
mology groups Hkd(M) = Ω
k
d(M)/dΩ
k−1(M) taking the quotient between
the kernel Ωkd(M) = ker
(
d : Ωk(M) → Ωk+1(M)
)
of d and its image
dΩk−1(M). One has a similar complex when restricting to compact supports,
giving rise to compactly supported de Rham cohomology groups Hkc d(M) =
Ωkc d(M)/dΩ
k−1
c (M), k ∈ {0, . . . ,m}, where Ω
k
c d(M) = ker
(
d : Ωkc (M) →
Ωk+1c (M)
)
.
A major property of the differential d in relation to integration on an
oriented manifold M is the well-known Stokes’ theorem.
Theorem 3.1. LetM be am-dimensional oriented manifold (without bound-
ary) and ω ∈ Ωm−1c (M). Then
∫
M
dω = 0.
When M is endowed with a metric and an orientation, one can use the
Hodge star to introduce another differential operator, the codifferential δ =
(−1)k ∗−1 d∗ : Ωk(M) → Ωk−1(M). Using Stokes’ theorem, one can easily
show that δ is the formal adjoint of d, that is to say (δα, β) = (α,dβ) for each
α ∈ Ωk+1(M) and β ∈ Ωk(M) with supp(α) ∩ supp(β) compact. Trivially δ
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gives rise to a second complex (with decreasing degree), which is isomorphic
to (3.4) via ∗:
(3.5) 0 −→ Ωm(M)
δ
−→ Ωm−1(M)
δ
−→ · · ·
δ
−→ Ω0(M) −→ 0 .
Defining Ωkδ (M) as the kernel of δ : Ω
k(M) → Ωk−1(M) and Ωkc δ(M) as
the kernel of δ : Ωkc (M)→ Ω
k−1
c (M), one gets cohomology groups H
k
δ (M) =
Ωkδ (M)/δΩ
k+1(M) and cohomology groups with compact support Hkc δ(M) =
Ωkc δ(M)/δΩ
k+1
c (M), k ∈ {0, . . . ,m}. It is easy to check that the Hodge star
operator provides an isomorphism between the cohomology groups for δ and
those defined for d, namely Hkd(M) ≃ H
m−k
δ (M) and H
k
c d(M) ≃ H
m−k
c δ (M).
Theorem 3.1 entails that the pairings 〈·, ·〉 (for oriented manifolds) and
(·, ·) (for oriented pseudo-Riemannian manifolds) induce pairings between
cohomology groups:
〈·, ·〉 : Hkc d(M)×H
m−k
d (M)→ R ,(3.6a)
δ(·, ·) : H
k
c δ(M)×H
k
d(M)→ R ,(3.6b)
(·, ·)δ : H
k
c d(M)×H
k
δ (M)→ R .(3.6c)
We conclude the present section stating a version of Poincare´ duality for
de Rham cohomologies, see [12, Section 1.5]. This requires the notion of a
good cover for a m-dimensional manifold M , namely a cover by open sets
such that the intersection of the elements of any finite subset of the cover is
either empty or diffeomorphic to Rm.
Theorem 3.2. Let M be an oriented manifold which admits a finite good
cover. Then the pairing 〈·, ·〉 between Hkc d(M) and H
m−k
d (M) is non-degenerate.
If M is also endowed with a metric, the pairing δ(·, ·) between H
k
c δ(M)
and Hkd(M) is non-degenerate, as well as the pairing (·, ·)δ between H
k
c d(M)
and Hkδ (M).
The second part of the statement easily follows from the first one taking
into account that the Hodge star induces isomorphisms Hkc δ(M) ≃ H
m−k
c d (M)
and Hkδ (M) ≃ H
m−k
d (M) and the pairing (·, ·) for forms is symmetric, while
〈·, ·〉 is graded-symmetric. Specifically one has
δ([α], [β]) = (−1)
k(m−k)〈[∗α], [β]〉 , ∀α ∈ Ωkc δ(M), β ∈ Ω
k
d(M) ,
([α], [β])δ = 〈[α], [∗β]〉 , ∀α ∈ Ω
k
c d(M), β ∈ Ω
k
δ (M) .
Remark 3.3. Actually one has a bit more than Theorem 3.2. Specifically,
even if M does not admit a finite good cover, the map defined below is an
isomorphism of vector spaces, see [22, Section V.4]:
Hm−kd (M)→
(
Hkc d(M)
)∗
, [β] 7→ 〈·, [β]〉 .
When M does not admit a finite good cover, what might happen is the
failure of [α] ∈ Hkc d(M) 7→ 〈[α], ·〉 ∈
(
Hm−kd (M)
)∗
being an isomorphism,
see [12, Remark 5.7]. Therefore the pairing (3.6) is non-degenerate in the
second argument for any oriented manifold M and this is also the case for
the first argument if M has a finite good cover.
Similar conclusions hold true for δ(·, ·) and (·, ·)δ as well.
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4. Spacelike compact cohomology
This section is devoted to construct an isomorphism between a special
type of cohomology with spacelike compact support for a globally hyperbolic
spacetime and the cohomology with compact support of a spacelike Cauchy
surface.
For a globally hyperbolic spacetime M , we denote the space of k-forms
with spacelike compact support with Ωksc(M). Since both d and δ preserve
supports, one has complexes similar to (3.4) and (3.5) with restricted sup-
ports, which have to be spacelike compact. This gives rise to new cohomol-
ogy groups.
Definition 4.1. Let M be a globally hyperbolic spacetime. We define
spacelike compact cohomology groups according to
Hksc d(M) =
Ωksc d(M)
dΩk−1sc (M)
, Hksc δ(M) =
Ωksc δ(M)
δΩk+1sc (M)
,
where Ωksc d(M) = ker
(
d : Ωksc(M) → Ω
k+1
sc (M)
)
, while Ωksc δ(M) = ker
(
δ :
Ωksc(M)→ Ω
k−1
sc (M)
)
.
Also in this case the Hodge star ∗ provides an isomorphism between
Hksc d(M) and H
m−k
sc δ (M).
To show that Hksc d(M) ≃ H
k
c d(Σ), Σ being a spacelike Cauchy surface for
M , we adopt the following strategy:
1. Theorem 2.4 ensures that any globally hyperbolic spacetime M is
isometric to a globally hyperbolic spacetime MΣ, whose underly-
ing manifold is R × Σ, Σ being a spacelike Cauchy surface for M .
Therefore one gets Hksc d(M) ≃ H
k
sc d(MΣ);
2. Exploiting the fact that MΣ is explicitly factored as R×Σ, we con-
struct an isomorphism Hksc d(MΣ) ≃ H
k
c d(Σ).
Remark 4.2. For k = m the isomorphism in item 2 means that Hmsc d(MΣ) is
trivial since Σ is a manifold of dimension m− 1.
As for the isomorphism in item 1, it depends on the specific choice of a
foliation MΣ ofM , yet all spacelike Cauchy surfaces ofM are diffeomorphic,
thus possessing isomorphic cohomology groups.
Let us consider a globally hyperbolic spacetime M and a foliation of the
type provided by Theorem 2.4. As above, it is convenient to denote such
foliation with MΣ. Recalling that, as a manifold, MΣ has the form R × Σ,
we define projections on each factor:
(4.1) t :MΣ → R , pi :MΣ → Σ .
We introduce also the section s of pi defined by
(4.2) s : Σ→MΣ , x 7→ (0, x) ,
Note that the image of s is the spacelike Cauchy surface {0} × Σ of MΣ.
Since the intersection of a spacelike compact region with a spacelike Cauchy
surface is always compact (refer to [4, Corollary A.5.4]), the pullback via s of
a spacelike compact form onMΣ is compactly supported on Σ. Furthermore,
each compact subset of Σ has spacelike compact preimage in MΣ under
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pi, therefore the pullback via pi of a compactly supported form on Σ has
spacelike compact support on MΣ:
pi∗ : Ωkc (Σ)→ Ω
k
sc(MΣ) , s
∗ : Ωksc(MΣ)→ Ω
k
c (Σ) .
Trivially, s∗pi∗ = idΩkc (Σ), hence a similar identity holds true in cohomol-
ogy. If one can prove that pi∗s∗ is chain homotopic to idΩ∗sc(MΣ), then pi
∗s∗
induces a map in cohomology which coincides with the identity . This re-
sult is achieved in Lemma 4.3 below. In particular, pi∗ provides the sought
isomorphism Hkc d(Σ) ≃ H
k
sc d(MΣ).
The relevant chain homotopy is defined following [12, Section I.4, pp.
33–35]. Due to the slightly different setting considered here, we have to
be careful with the support properties of the chain homotopy we want to
consider. Specifically, we will observe that the chain homotopy mentioned
above is such that any form with spacelike compact support is mapped
to a form with spacelike compact support as well. Therefore the formula
given in [12] provides an appropriate chain homotopy for spacelike compact
cohomologies too. The rest of the present section is devoted to a detailed
description of this argument.
First, we note that spacelike compact k-forms on MΣ are always given by
a linear combination of two types of forms:1
(pi∗φ) f , φ ∈ Ωk(Σ), f ∈ C∞sc (MΣ) ,(1sc)
(pi∗ψ)hdt , ψ ∈ Ωk−1(Σ), h ∈ C∞sc (MΣ) .(2sc)
The main point of the present section is to note that, given f ∈ C∞sc (MΣ),
f˜ : (t, x) 7→
∫ t
0 f(s, x)ds is still in C
∞
sc (MΣ). Since the support of f is space-
like compact, there exists a compact subset K ⊆ MΣ such that supp(f) ⊆
JMΣ(K). We consider the compact set K˜ =
(
{0} × Σ
)
∩ JMΣ(K) and we
show that f˜ = 0 outside JMΣ(K˜). Let (t, x) ∈ MΣ \ JMΣ(K˜). This entails
that the timelike curve s ∈ [0, t] 7→ (s, x) ∈ MΣ does not meet K˜. By con-
struction JMΣ(K) ⊆ JMΣ(K˜), therefore f(s, x) = 0 for each s ∈ [0, t] and
hence f˜(t, x) = 0.
With this fact in mind, one defines
P : Ωksc(MΣ)→ Ω
k−1
sc (MΣ) ,
(pi∗φ) f 7→ 0 ,
(pi∗ψ)hdt 7→ (pi∗ψ)
∫ ·
0 h(s, ·)ds .
Lemma 4.3. Let P : Ωksc(MΣ) → Ω
k−1
sc (MΣ) be defined as above. Then
P is a chain homotopy operator between pi∗s∗ and idΩ∗sc(MΣ), that is to say
pi∗s∗ − idΩksc(MΣ) = (−1)
k(dP − P d) on Ωksc(MΣ) for each k ∈ {0, . . . ,m}.
Proof. The proof is nothing but a calculation identical to the one in [12,
Section I.4, pp. 33–35]. We give a sketch for the sake of completeness.
The calculation is performed choosing an atlas for Σ and extending it to
an atlas for MΣ.
1From now on the wedge product will be often suppressed to lighten the notation.
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We consider first the case of k-forms of type (1sc):
(dP − P d)
(
(pi∗φ)f
)
= −P
(
(pi∗dφ) f + (−1)k(pi∗φ) df
)
= (−1)k+1(pi∗φ)
∫ ·
0 ∂sf(s, ·)ds
= (−1)k+1
(
(pi∗φ) f − pi∗
(
φ f(0, ·)
))
= (−1)k
(
pi∗s∗ − idΩksc(MΣ)
)(
(pi∗φ) f
)
.
The computation for k-forms of type (2sc) is a bit more involved. As a
first step, we compute the dP -term:
dP
(
(pi∗ψ)hdt
)
= d
(
(pi∗ψ)
∫ ·
0 h(s, ·)ds
)
= (pi∗dψ)
∫ ·
0 h(s, ·)ds
+ (−1)k−1(pi∗ψ)
(
dxi∂i
∫ ·
0 h(s, ·)ds + hdt
)
.
Then we focus our attention on the term involving P d:
P d
(
(pi∗ψ)hdt
)
= P
(
(pi∗dψ)hdt+ (−1)k−1(pi∗ψ) dxi ∂ihdt
)
= (pi∗dψ)
∫ ·
0 h(s, ·)ds + (−1)
k−1(pi∗ψ) dxi
∫ ·
0 ∂ih(s, ·)ds .
Subtracting the P d-term from the dP -term, one completes the proof:
(dP − P d)
(
(pi∗ψ)hdt
)
= (−1)k−1(pi∗ψ)hdt
= (−1)k(pi∗s∗ − idΩksc(MΣ))
(
(pi∗ψ)hdt
)
.
Note that we exploited the possibility to exchange the integral in time and
the spatial derivative to obtain the first equality, while the second is a con-
sequence of s∗dt = 0. 
The last lemma enables us to prove the main result of this section.
Theorem 4.4. Let M be a globally hyperbolic spacetime and consider a
spacelike Cauchy surface Σ for M . Then pi and s, defined respectively in
(4.1) and (4.2), induce isomorphisms in cohomology:
H∗sc d(M)
s∗
##
H∗c d(Σ)
pi∗
cc
.
Proof. Theorem 2.4 entails that M is isometric to the globally hyperbolic
spacetime MΣ obtained endowing R × Σ with suitable metric, orientation
and time-orientation, hence H∗sc d(M) ≃ H
∗
sc d(MΣ). On a side we have
s∗pi∗ = idΩkc (Σ). On the other side Lemma 4.3 provides the identity pi
∗s∗ −
idΩksc(MΣ) = (−1)
k(dP −P d) on Ωksc(MΣ). Since the term on the right hand
side maps Ωksc d(MΣ) to dΩ
k−1
sc (MΣ), pi
∗s∗ induces the identity in cohomol-
ogy, thus concluding the proof. 
Example 4.5. There are several physically relevant examples of globally hy-
perbolic spacetimes with non trivial spacelike compact cohomology groups.
This fact is made evident by Theorem 4.4, which enables us to compute
spacelike compact cohomologies just looking at the cohomology groups with
compact support of a spacelike Cauchy surface. Some examples in dimension
m = 4 are:
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Einstein’s static universe: Any spacelike Cauchy surface is diffeo-
morphic to S3, therefore H∗sc d(M) ≃ (R, 0, 0,R, 0);
Schwarzschild spacetime: Any spacelike Cauchy surface is diffeo-
morphic to R× S2, therefore H∗sc d(M) ≃ (0,R, 0,R, 0);
Gowdy’s T3 spacetime [24]: Any spacelike Cauchy surface is diffeo-
morphic to T3, therefore H∗sc d(M) ≃ (R,R
3,R3,R, 0);
where Sn denotes the n-sphere and Tn denotes the n-torus.
5. Timelike compact cohomology
In this section we consider cohomology with timelike compact support on
a globally hyperbolic spacetime and we show that it is isomorphic to the de
Rham cohomology of a spacelike Cauchy surface (with degree lowered by 1).
Similarly to Section 4, we define the space Ωktc(M) of k-forms with timelike
compact support on a globally hyperbolic spacetime M . The usual observa-
tion that both d and δ preserve supports entails the existence of complexes
similar to (3.4) and (3.5), but restricted to forms with timelike compact sup-
port. This suggests the definition of timelike compact cohomology groups.
Definition 5.1. Let M be a globally hyperbolic spacetime. We define
timelike compact cohomology groups according to
Hktc d(M) =
Ωktc d(M)
dΩk−1tc (M)
, Hktc δ(M) =
Ωktc δ(M)
δΩk+1tc (M)
,
where Ωktc d(M) = ker
(
d : Ωktc(M) → Ω
k+1
tc (M)
)
and Ωktc δ(M) = ker
(
δ :
Ωktc(M)→ Ω
k−1
tc (M)
)
.
As always, Hktc d(M) and H
m−k
tc δ (M) are isomorphic via the Hodge star
operator ∗.
The strategy to prove the isomorphism with de Rham cohomology of a
spacelike Cauchy surface (with degree lowered by 1) is the following:
1. As in the previous section, for each globally hyperbolic spacetime
M , we exploit Theorem 2.4 to show that it is isometric to a glob-
ally hyperbolic spacetime MΣ, whose underlying manifold is R×Σ,
Σ being a spacelike Cauchy surface for M . Therefore one gets
Hktc d(M) ≃ H
k
tc d(MΣ);
2. Exploiting the fact that MΣ has R × Σ as underlying manifold, we
construct an isomorphism Hktc d(MΣ) ≃ H
k−1
d (Σ).
Remark 5.2. It is understood that, for k = 0, the isomorphism in item 2
means that H0tc d(R×Σ) is trivial. This can be seen directly by noting that
a constant function with timelike compact support must vanish everywhere.
Take a globally hyperbolic spacetime M and consider a foliation MΣ pro-
vided by Theorem 2.4. In particular, note that the manifold underlyingMΣ
is the Cartesian product R× Σ, Σ being a spacelike Cauchy surface for M .
Again, we consider the projections pi and t defined in (4.1).
The maps giving rise to isomorphisms in cohomology are defined similarly
to [12, Section I.6, pp. 61–63], the only difference being a stricter constraint
on the support of forms (timelike compact implies vertical compact as de-
fined in [12], but the converse does not hold). Therefore, we only have
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to check that the relevant maps are well-behaved with respect to timelike
compact supports. For the sake of completeness, we recall below the main
argument of [12] adapted to the present setting.
We start from the observation that all k-forms with timelike compact
support on MΣ are linear combinations of two types of forms:
2
(pi∗φ) f , φ ∈ Ωk(Σ), f ∈ C∞tc (MΣ) ,(1tc)
(pi∗ψ)hdt , ψ ∈ Ωk−1(Σ), h ∈ C∞tc (MΣ) .(2tc)
Since for each compact subset K of Σ, pi−1(K) has compact intersection
with a timelike compact region T of MΣ (the intersection being included in
the compact set JMΣ(K) ∩ T ), we can introduce the time-integration map:
i : Ωktc(MΣ)→ Ω
k−1(Σ) ,(5.1)
(pi∗φ) f 7→ 0 ,
(pi∗ψ)hdt 7→ ψ
∫
R
h(s, ·)ds .
In order to show that i descends to cohomologies, one checks that it is a
morphisms between the complexes
(
Ω∗tc(MΣ),d
)
and
(
Ω∗−1(Σ),d
)
. This
result is shown in the following lemma.
Lemma 5.3. d i = id on Ωktc(MΣ) for each k ∈ {0, . . . ,m}.
Proof. The proof is a straightforward calculation performed choosing an ori-
ented atlas for Σ and extending it to an atlas for MΣ. One has only to take
into account the possibility to exchange spatial derivatives and integrals in
time, which follows from pi−1(K), K ⊆ Σ compact, having compact inter-
section with each timelike compact region of MΣ.
First we consider k-forms of type (1tc):
id
(
(pi∗φ) f
)
= i
(
(pi∗dφ) f + (−1k)(pi∗φ) df
)
= (−1k)φ
∫
R
∂sf(s, ·)ds = 0 = d i
(
(pi∗φ) f
)
,
where
∫
R
∂sf(s, x)ds = 0 for each x ∈ Σ due to the fact that s 7→ f(s, x) has
compact support in R.
To complete the proof, we consider k-forms of type (2tc):
d i
(
(pi∗ψ)hdt
)
= d
(
ψ
∫
R
h(s, ·)ds
)
= dψ
∫
R
h(s, ·)ds + (−1)k−1ψ dxi ∂i
∫
R
h(s, ·)ds ,
id
(
(pi∗ψ)hdt
)
= i
(
(pi∗dψ)hdt+ (−1)k−1(pi∗ψ) dxi ∂ihdt
)
= dψ
∫
R
h(s, ·)ds + (−1)k−1ψ dxi
∫
R
∂ih(s, ·)ds .
As noted above, it is possible to reverse the order in which the integral in
time and the spatial derivative are performed, therefore the thesis follows.

(k − 1)-forms on Σ are extended to timelike compact k-forms on MΣ
taking the wedge product with a suitable 1-form: Let a ∈ C∞c (R) be such
that
∫
R
a(s)ds = 1. Consider the 1-form ω = (t∗a)dt on MΣ and observe
2As in the previous section, we will often omit the wedge product in order to make the
notation more readable.
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that it is closed and timelike compact. That done, define the time-extension
map:
(5.2) e : Ωk−1(Σ)→ Ωktc(MΣ) , φ 7→ (pi
∗φ) ∧ ω .
e : Ω∗−1(Σ)→ Ω∗tc(MΣ) is a morphism of complexes due to the identity
d e φ = d
(
(pi∗φ) ∧ ω
)
= (pi∗dφ) ∧ ω = edφ ,
for each k ∈ {1, . . . ,m+ 1} and φ ∈ Ωk−1(Σ).
From (5.1) and (5.2), one immidiately realizes that i e = idΩ∗−1(Σ), which
entails a similar identity in cohomology:
(5.3) i e φ = i
(
(pi∗φ) ∧ ω
)
= φ
∫
R
a(s)ds = φ ,
for each k ∈ {1, . . . ,m + 1} and φ ∈ Ωk−1(Σ). To conclude that e and
i induce the sought isomorphisms in cohomology, one has to find a chain
homotopy Q : Ωktc(MΣ)→ Ω
k−1
tc (MΣ) between e i and idΩ∗tc(MΣ).
We begin noting the following fact, which is the key point to show that the
homotopy operator defined in [12, Section I.4, p. 38] maps timelike compact
k-forms to Ωk−1tc (MΣ): Given f ∈ C
∞
tc (MΣ), the function f̂ : MΣ → R,
defined by the formula
(5.4) f̂(t, x) =
∫ t
−∞
f(s, x)ds−
∫
R
f(r, x)dr
∫ t
−∞
a(s)ds ,
lies in C∞tc (MΣ). In particular, one has to check that the support of f̂ is
timelike compact: Per construction a is supported in a time slab [c, d]×Σ =
J+MΣ(Σc) ∩ J
−
MΣ
(Σd) for c, d ∈ R, where Σc = {c} × Σ and Σd = {d} × Σ.
According to [30, Theorem 3.1], we also find Cauchy surfaces Σ˜± such that
supp(f) ⊆ J+MΣ(Σ˜−) ∩ J
−
MΣ
(Σ˜+). As one can realize looking at (5.4), f̂ = 0
in I+MΣ(Σd) ∩ I
+
MΣ
(Σ˜+) and in I
−
MΣ
(Σc) ∩ I
−
MΣ
(Σ˜−). As a matter of fact, for
the time integral of a one has
∫ t
−∞
a(s)ds =
{
1 , (t, x) ∈ I+MΣ(Σd) ,
0 , (t, x) ∈ I−MΣ(Σc) ,
while the time integral of f gives
∫ t
−∞
f(s, x)ds =
{∫
R
f(s, x)ds , (t, x) ∈ I+MΣ(Σ˜+) ,
0 , (t, x) ∈ I−MΣ(Σ˜−) .
This entails that f̂ is supported inside the intersection between the causal
future of both Σc and Σ˜− and the causal past of both Σd and Σ˜+,
3 namely
supp(f̂) ⊆
(
J+MΣ(Σc) ∪ J
+
MΣ
(Σ˜−)
)
∩
(
J−MΣ(Σd) ∩ J
−
MΣ
(Σ˜+)
)
.
We deduce that supp(f̂) is timelike compact.
3This is the complement in MΣ of the union between the chronological future of both
Σd and Σ˜+ and the chronological past of both Σc and Σ˜−. In fact, each Cauchy surface
Σ for a globally hyperbolic spacetime M splits it into two disjoint parts according to
I
±
M
(Σ) ∪ J∓
M
(Σ) = M . This fact easily follows from the definition of Cauchy surface.
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This enables us to define the linear map below, which provides the sought
homotopy operator:
Q : Ωktc(MΣ)→ Ω
k−1
tc (MΣ) ,
(pi∗φ) f 7→ 0 ,
(pi∗ψ)hdt 7→ (pi∗ψ) ĥ ,
where ĥ is defined according to eq. (5.4).
Lemma 5.4. Let Q : Ωktc(MΣ)→ Ω
k−1
tc (MΣ) be defined as above. Then Q is
a chain homotopy between e i and idΩ∗tc(MΣ), that is to say e i− idΩ∗tc(MΣ) =
(−1)k(dQ−Q d) on Ωktc(MΣ) for each k ∈ {0, . . . ,m}.
Proof. As always, the computation is performed fixing an oriented atlas for
Σ and extending it to MΣ.
We consider first the case of a k-form of type (1tc):
(dQ−Q d)
(
(pi∗φ)f
)
= −Q
(
(pi∗dφ) f + (−1)k(pi∗φ) df
)
= (−1)k+1(pi∗φ) ∂̂tf = (−1)
k(e i − idΩ∗tc(MΣ))
(
(pi∗φ) f
)
,
where the last equality follows from the definition of i, eq. (5.1), and the
identity ∂̂tf = f , which in turn is a consequence of eq. (5.4) on account of
the compact support in R of the function t 7→ f(t, x) for each fixed x ∈ Σ.
Considering the case of k-forms of type (2tc), one has the following:
dQ
(
(pi∗ψ)hdt
)
= d
(
(pi∗ψ) ĥ
)
= (pi∗dψ) ĥ+ (−1)k−1(pi∗ψ) dĥ ,
Q d
(
(pi∗ψ)hdt
)
= Q
(
(pi∗dψ)hdt+ (−1)k−1(pi∗ψ) dxi ∂ihdt
)
= (pi∗dψ) ĥ+ (−1)k−1(pi∗ψ) dxi ∂̂ih ,
e i
(
(pi∗ψ)hdt
)
= e
(
ψ
∫
R
h(s, ·)ds
)
=
(
pi∗
(
ψ
∫
R
h(s, ·)ds
))
ω .
From eq. (5.4) one reads dĥ = hdt− pi∗
( ∫
R
h(r, ·)dr
)
ω + dxi ∂iĥ, therefore
(dQ−Q d)
(
(pi∗ψ)hdt
)
= (−1)k−1(pi∗ψ)hdt− (−1)k−1
(
pi∗
(
ψ
∫
R
h(r, ·)dr
))
ω
= (−1)k
(
e i− idΩktc(MΣ)
)(
(pi∗ψ)hdt
)
,
concluding the proof. 
The last lemma leads us to the main result of the present section.
Theorem 5.5. Let M be a globally hyperbolic spacetime and consider a
spacelike Cauchy surface Σ for M . Then i and e, defined respectively in
(5.1) and (5.2), induce isomorphisms in cohomology:
H∗tc d(M)
i
%%
H∗−1d (Σ)
e
dd
.
Proof. From Theorem 2.4 one reads that M is isometric to the globally
hyperbolic spacetime MΣ, the underlying manifold being R × Σ endowed
with suitable metric, orientation and time-orientation. In particular, this
entails H∗tc d(M) ≃ H
∗
tc d(MΣ). Similarly to the proof of Theorem 4.4, eq.
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(5.3) and Lemma 5.4 show that i and e give rise to the sought isomorphisms
in cohomology, thus completing the proof. 
Example 5.6. As in Example 4.5, one can exploit Theorem 5.5 to find
examples of globally hyperbolic spacetimes with non-trivial timelike com-
pact cohomology groups. Considering the same spacetimes of the example
mentioned above, one has:
Einstein’s static universe: Any spacelike Cauchy surface is diffeo-
morphic to S3, therefore H∗tc d(M) ≃ (0,R, 0, 0,R);
Schwarzschild spacetime: Any spacelike Cauchy surface is diffeo-
morphic to R× S2, therefore H∗tc d(M) ≃ (0,R, 0,R, 0);
Gowdy’s T3 spacetime [24]: Any spacelike Cauchy surface is diffeo-
morphic to T3, therefore H∗tc d(M) ≃ (0,R,R
3,R3,R).
6. Poincare´ duality between H∗sc d and H
m−∗
tc d
The aim of this section is to extend the usual Poincare´ duality between de
Rham cohomology and its counterpart with compact support, see Theorem
3.2, to the case of cohomologies with spacelike compact and respectively
timelike compact support.
Given a globally hyperbolic spacetime M , we observe that eq. (3.1) and
eq. (3.3) provide pairings between spacelike compact and timelike compact
forms since by definition spacelike compact regions intersect timelike com-
pact ones inside a compact set, see the end of Section 2. Non-degeneracy in
the standard case carries over to the present situation since compact forms
are both spacelike compact and timelike compact.
Similarly to the case of (3.6), one can exploit Theorem 3.1 to show that
〈·, ·〉 and (·, ·) descend to cohomologies with spacelike and timelike compact
support. Consider for example α ∈ Ωk−1sc (M) and β ∈ Ω
m−k
tc d (M). Then, on
account of Theorem 3.1 and the compact support of α ∧ β, one has
〈dα, β〉 =
∫
M
d(α ∧ β) = 0 .
To sum up, we have to show non-degeneracy for the pairings listed below:
〈·, ·〉 : Hksc d(M)×H
m−k
tc d (M)→ R ,(6.1a)
δ(·, ·) : H
k
sc δ(M)×H
k
tc d(M)→ R ,(6.1b)
(·, ·)δ : H
k
sc d(M)×H
k
tc δ(M)→ R .(6.1c)
Actually, it is enough to prove non-degeneracy for one of the pairings, the
others being related via Hodge star ∗, see the comment after Theorem 3.2.
Lemma 6.1. Let M be a globally hyperbolic spacetime and consider a space-
like Cauchy surface Σ forM . Denote the isomorphisms provided by Theorem
4.4 and Theorem 5.5 with pi∗ : H∗c d(Σ) → H
∗
sc d(M) and e : H
m−1−∗
d (Σ) →
Hm−∗tc d (M). Then
〈
pi∗[φ], e [ψ]
〉
=
〈
[φ], [ψ]
〉
for each k ∈ {0, . . . ,m − 1},
[φ] ∈ Hkc d(Σ) and [ψ] ∈ Ω
m−1−k
d (M). where (6.1) gives the pairing on the
left-hand-side, while the one on the right-hand-side is given by (3.6) for the
oriented manifold Σ.
16 MARCO BENINI
Proof. For k ∈ {0, . . . ,m − 1}, take [φ] ∈ Hkc d(Σ) and [ψ] ∈ Ω
m−k−1
d (M).
Recalling (4.1) and (5.2), one can explicitly compute
〈
pi∗[φ], e [ψ]
〉
:〈
pi∗[φ], e[ψ]
〉
=
∫
MΣ
(pi∗φ) ∧
(
(pi∗ψ) ∧ ω
)
=
( ∫
Σ φ ∧ ψ
) ∫
R
a(s)ds =
〈
[φ], [ψ]
〉
,
MΣ being the foliation of M induced by the spacelike Cauchy surface Σ
according to Theorem 2.4. Note that in the last step we exploited the
identity
∫
R
a(s)ds = 1. 
Theorem 6.2. Let M be a globally hyperbolic spacetime which admits a
finite good cover. Then the pairing 〈·, ·〉 between Hksc d(M) and H
m−k
tc d (M) is
non-degenerate. Therefore the same holds true for δ(·, ·) between H
k
sc δ(M)
and Hktc d(M) and (·, ·)δ between H
k
sc d(M) and H
k
tc δ(M) as well.
Proof. Consider a spacelike Cauchy surface Σ ofM . Lemma 6.1 entails that
the pairing between Hksc d(M) and H
m−k
tc d (M) is equivalent to the one between
Hkc d(Σ) and H
m−k−1
d (Σ). SinceM admits a finite good cover, the same holds
true for Σ. Therefore non-degeneracy of the pairing between Hksc d(M) and
Hm−ktc d (M) follows from non-degeneracy of the pairing between H
k
c d(Σ) and
Hm−k−1d (Σ), which holds true on account of Theorem 3.2. 
Remark 6.3. On account of Remark 3.3, one can obtain a positive result
under weaker conditions. Even if there is no finite good cover for M , one
gets an isomorphism Hm−ktc d (M) →
(
Hksc d(M)
)∗
defined by [β] 7→ 〈·, [β]〉.
Similar conclusions hold true also for the other pairings considered in (6.1).
7. Classical observables for k-form Maxwell fields
In this section we briefly discuss the classical field theory of electromag-
netism without external sources and its analogs in a different degree. We
adopt two different viewpoints. In the first place we take the perspective of
the vector potential, while in the second place we consider the Faraday ten-
sor as the central object. The aim is to exhibit models where our knowledge
about cohomologies with spacelike compact and timelike compact support
can be fruitfully exploited in order to better understand which space of ob-
servables is optimal for the classical field theoretical model under analysis.
The choice not to include external sources is motivated by the fact that
the relevant features for the present discussion appear in relation to homo-
geneous field equation. One might take into account sources as well, thus
dealing with inhomogeneous field equations, see e.g. [7].
7.1. The Laplace-de Rham differential operator. Before discussing
the specific models mentioned above, it is convenient to recall some well-
known properties of the Laplace-de Rham operator  = δd + dδ : Ωk(M)→
Ωk(M) on a globally hyperbolic spacetime M . We stress that any value of
k ∈ {0, . . . ,m} is allowed. With a slight abuse of notation, we denote the
Laplace-de Rham operator with the same symbol regardless of the degree k.
As one can check directly,  is normally hyperbolic and formally self-
adjoint, meaning that it is a second order linear differential operator whose
principal symbol is given by the metric, see e.g. [4, Section 1.5], and such
that (α, β) = (α,β) for each α, β ∈ Ωk(M) whose supports have com-
pact intersection, where (·, ·) denotes the pairing defined in (3.3). This fact
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easily follows from δ being the formal adjoint of d, see Theorem 3.1 and the
following discussion.
Since  is normally hyperbolic and formally self-adjoint, there are unique
advanced and retarded Green operators G± : Ω
k
c (M)→ Ω
k(M) (as for , we
use the same symbol for each k). Their main properties are collected below:
1. G± is linear;
2. G±α = α for each α ∈ Ω
k
c (M);
3. G±α = α for each α ∈ Ω
k
c (M);
4. supp(G±α) ⊆ J
±
M
(
supp(α)
)
for each α ∈ Ωkc (M);
5. (G∓α, β) = (α,G±β) for each α, β ∈ Ω
k
c (M).
Existence and uniqueness of G± fulfilling properties 1–4 follow from  being
normally hyperbolic, while 5 is a consequence of formal self-adjointness. For
a thorough analysis of the properties of advanced and retarded Green oper-
ators for normally hyperbolic operators on globally hypoerbolic spacetimes
the reader should refer to the literature, e.g. [4, Section 3.4].
Further relevant properties of  and of its advanced and retarded Green
operators are shown in [29]. For convenience, we recollect them here:
dα = dα , δα = δα , ∀α ∈ Ωk(M) ;
dG±β = G±dβ , δG±β = G±δβ ∀β ∈ Ω
k
c (M) .
The identities on the second line follow from those on the first one.
We will often make use of the so-called causal propagator G = G+ −G−
for . Its properties follow from those of G± and can be condensed in the
following exact sequence, see [4, Theorem 3.4.7]:
0 −→ Ωkc (M)

−→ Ωkc (M)
G
−→ Ωksc(M)

−→ Ωksc(M) −→ 0 .
Surjectivity of  : Ωksc(M)→ Ω
k
sc(M) follows from [23, Corollary 5].
As explained in [1, 30], there are unique extensions of the advanced and
retarded Green operators:
G+ : Ω
k
pc(M)→ Ω
k(M) , G− : Ω
k
fc(M)→ Ω
k(M) ,
where the subscripts pc and fc refer to past compact and respectively future
compact supports. Similarly, one has a unique extension G : Ωktc(M) →
Ωk(M) of the causal propagator. All properties of G± and G carry over to
their extensions.
7.2. Generalized vector potential. We consider a fixed globally hyper-
bolic spacetime M of dimension m. Field configurations are k-forms A
with k ∈ {1, . . . ,m − 1} such that δdA = 0 up to gauge equivalence. This
means two k-forms A,A′ are regarded as equivalent provided A′ = A+ dχ,
χ ∈ Ωk−1(M). Notice that for k = 1, we are dealing with the case of the vec-
tor potential for electromagnetism without external sources, see [15, 18, 19]
for a discussion including external sources as well. The model for arbitrary
k (including external sources as well) has been analyzed in [29,31].
Remark 7.1. Note that the equation dδ(∗A) = 0 is equivalent to δdA =
0. In fact, replacing the model described above by one where the field
configuration B ∈ Ωk(M) fulfils the equation of motion dδB = 0 and whose
gauge equivalence is defined by the condition B′ ∼ B ⇐⇒ B′ = B+δχ, χ ∈
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Ωk+1(M), provides a completely equivalent system, related to the original
one via the Hodge star operator ∗.
As a first step, we characterize the space of field configurations up to
gauge. That done, a suitable space of classical observables will be intro-
duced. In the end, Theorem 6.2 will provide a sound motivation for the
choice of this space of observables.
We introduce the space of solutions to the field equation δdA = 0:
SA = ker
(
δd : Ωk(M)→ Ωk(M)
)
.
As mentioned above, two solutions are regarded as equivalent whenever they
differ by dχ for some χ ∈ Ωk−1(M), i.e. their difference lies in
GA = dΩ
k−1(M) .
Therefore, the space of gauge classes of on-shell field configurations is the
quotient SA/GA. A convenient characterization of this space is provided
below.
Lemma 7.2. Let M be a globally hyperbolic spacetime. Each A ∈ SA is
gauge equivalent to a configuration A′ ∈ SA satisfying the Lorenz gauge,
namely there exists χ ∈ Ωk−1(M) such that A′ = A+ dχ fulfils δA′ = 0.
Proof. Take A ∈ SA and consider the equation δdχ = −δA. Consider
a partition of unit {f+, f−} on M such that f+ = 1 in a past compact
region, while f− = 1 in a future compact one. Denoting with G± the
advanced/retarded Green operator for , one can explicitly write down a
solution of δdχ = −δA, namely χ = −δ
(
G+(f+A) + G−(f−A)
)
. Setting
A′ = A+ dχ one realizes that δA′ = δA+ δdχ = 0 and A′ ∈ SA. 
Lemma 7.3. Let M be a globally hyperbolic spacetime and denote with G
the causal propagator for . Each A ∈ SA in the Lorenz gauge is gauge
equivalent to Gω ∈ SA with ω ∈ Ω
k
tc δ(M), namely there exist χ ∈ Ω
k−1(M)
and ω ∈ Ωktc δ(M) such that Gω = A+ dχ.
Proof. Take A ∈ SA such that δA = 0. Then A = 0, hence A = Gθ for
a suitable θ ∈ Ωktc(M). The Lorenz gauge condition ensures the existence
of ρ ∈ Ωk−1tc (M) such that ρ = δθ. Introducing ω = θ − dρ ∈ Ω
k
tc(M)
and χ = −Gρ ∈ Ωk−1(M) and noting that δρ = 0, one reads δω = 0 and
Gω = A+ dχ. 
Theorem 7.4. Let M be a globally hyperbolic spacetime and denote with
G the causal propagator for . The following is an isomorphism of vector
spaces:
Ωktc δ(M)/δdΩ
k
tc(M)→ SA/GA , [ω] 7→ [Gω] .
Proof. For ω ∈ Ωktc δ(M), Gω is coclosed, therefore δdGω = Gω = 0. This
means that G maps Ωktc δ(M) to SA, hence we can consider the map
Ωktc δ(M)→ SA/GA , ω 7→ [Gω] .
We prove surjectivity of this map: Given [A] ∈ SA/GA, fixing a repre-
sentative A ∈ [A] and exploiting Lemma 7.2 in the first place and then
Lemma 7.3, we find ω ∈ Ωktc δ(M) such that Gω is gauge equivalent to A, i.e
[Gω] = [A].
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It remains only to check that the kernel of the map mentioned above
coincides with δdΩktc(M). The inclusion in one direction follows from the
identity Gδdθ = G( − dδ)θ = −dGδθ ∈ GA for each θ ∈ Ω
k
tc(M), hence
δdΩktc(M) is included in the kernel. For the converse inclusion, consider
ω ∈ Ωktc δ(M) such that Gω = dχ for a suitable χ ∈ Ω
k−1(M). This entails
δdχ = 0. For k ≥ 2, via Lemma 7.2 and Lemma 7.3, one finds ρ ∈ Ωk−1tc δ (M)
and ξ ∈ Ωk−2(M) such that Gρ = χ + dξ. For k = 1, χ = δdχ = 0
and hence one finds ρ ∈ C∞tc (M) such that Gρ = χ. Therefore Gω = Gdρ
and δdρ = ρ in both cases, hence there exists θ ∈ Ωktc(M) such that
ω = dρ + θ. Applying δ to both sides, we deduce (ρ + δθ) = 0. This
entails ρ+ δθ = 0, from which we conclude ω = δdθ. 
Remark 7.5. Notice that one could consider the space SscA of solutions with
spacelike compact support for the field equation δdA = 0. Accordingly, one
has to consider a stricter notion of gauge equivalence provided by GscA =
dΩk−1sc (M). Using exactly the same arguments, one can prove statements
similar to Lemma 7.2, Lemma 7.3 and Theorem 7.4, where Ωk and Ωktc are
replaced respectively by Ωksc and Ω
k
c .
We focus now the attention on the construction of suitable linear observ-
ables for the space of field configurations SA/GA. We follow the spirit of [13],
hence classical observables are regarded as functionals on the space of field
configurations. Since we are dealing with linear equations of motion, our
approach is very close to strategy followed in [7] for affine field theories and
its modification developed in [8] to include the case of gauge theories.
As a first step, for each α ∈ Ωkc (M), we consider the linear functional
Oα : Ω
k(M)→ R , Oα(β) = (α, β) ,
where (·, ·) refers to the pairing (3.3). Doing so, we define the space of
off-shell linear functionals according to
EkinA = {Oα : α ∈ Ω
k
c (M)} ≃ Ω
k
c (M) ,
where the isomorphism is provided by non-degeneracy of (·, ·). Bearing in
mind this isomorphism, sometimes we might refer to Ωkc (M) as the space of
off-shell linear functionals.
Not all functionals Oα, α ∈ Ω
k
c (M), are invariant under gauge transfor-
mations. Since we regard configurations differing by a gauge transformation
as being equivalent, linear functionals which are meant to define observables
should be gauge invariant. Therefore we restrict to a subspace of linear func-
tionals E invA ⊆ E
kin
A characterized by the property Oα ∈ E
inv
A ⇐⇒ Oα(GA) =
{0}. Theorem 3.1, together with non-degeneracy of the pairing (·, ·), pro-
vides a convenient characterization for the space of gauge invariant linear
functionals:
E invA = {Oα : α ∈ Ω
k
c δ(M)} ≃ Ω
k
c δ(M) .
These are all the functionals of EkinA which can be consistently evaluated on
Ωk(M)/GA, the space of gauge classes of off-shell field configurations. By
the same argument as above and the inclusion Ωkc δ(M) ⊆ Ω
k
c (M), E
inv
A is
identified with the isomorphic space Ωkc δ(M).
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Up to this point no information about the dynamics of the system has
been taken into account. To encode dynamics on the space of gauge invariant
linear functionals, we force them not to be defined for off-shell configurations
A, namely such that δdA 6= 0. This is obtained taking the quotient of E invA
by the image of the formal adjoint of the equation of motion operator δd.
Since (δdα, β) = (α, δdβ) for each α, β ∈ Ωk(M) such that the intersection
of their supports is compact (see Theorem 3.1 and the following discussion),
δd is the formal adjoint of itself. Therefore we define the space of linear
observables for SA/GA as the quotient
(7.1) EA = E
inv
A /δdΩ
k
c (M) .
The evaluation of [α] ∈ EA on [A] ∈ SA/GA is defined by the evaluation on
arbitrary representatives, namely we set O[α]
(
[A]
)
= Oα(A) for α ∈ [α] and
A ∈ [A] chosen arbitrarily. This definition is well-posed since the difference
between two representative α,α′ ∈ [α] is an element of δdΩkc (M), while the
difference between two representatives A,A′ ∈ [A] lies in GA.
The aim is to show that, providedM admits a finite good cover, EA is the
correct space of linear observables for the space of gauge classes of on-shell
field configurations SA/GA. This is to be intended in the following sense:
a. EA contains sufficiently many functionals to distinguish between dif-
ferent elements in SA/GA, hence classically there is no reason to take
into account more general functionals;
b. There are no redundant elements in EA. As a metter of fact, given
two elements [α] 6= [β] ∈ EA, there exists an on-shell configuration
[A] ∈ SA/GA such that the evaluation of [α] and [β] gives differ-
ent results, namely O[α]
(
[A]
)
6= O[β]
(
[A]
)
. This fact entails that
any further quotient of EA would lead to functionals which are not
well-defined on the whole space of gauge classes of on-shell field con-
figurations SA/GA. Therefore, at least from a classical viewpoint,
one should not interpret any quotient of EA as consisting of observ-
ables for SA/GA since there would exist configurations which cannot
be tested in a consistent way.
The first result is achieved using standard Poincare´ duality, Theorem 3.2,
while the second follows exploiting Poincare´ duality between spacelike com-
pact and timelike compact cohomologies, Theorem 6.2. These facts are
recollected in the theorem stated below.
Theorem 7.6. On a globally hyperbolic spacetime M the following holds:
a. If [A] ∈ SA/GA is such that O[α]
(
[A]
)
= 0 for each [α] ∈ EA, then
[A] = 0;
b. IfM admits a finite good cover and [α] ∈ EA is such that O[α]
(
[A]
)
=
0 for each [A] ∈ SA/GA, then [α] = 0.
Proof. Let us start from the first statement. Fixing an arbitrary represen-
tative A ∈ [A], the hypothesis means that (α,A) = 0 for each α ∈ Ωkc δ(M).
Restricting to α of the form δβ, β ∈ Ωk+1c (M), one deduces dA = 0, there-
fore [A] can be regarded as an element of Hkd(M). Taking into account the
pairing δ(·, ·) of (3.6), the hypothesis translates into δ([α], [A]) = 0 for each
[α] ∈ Hkc δ(M), meaning that δ(·, [A]) is the trivial element of
(
Hkc δ(M)
)∗
.
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Remark 3.3 entails that the map [A] ∈ Hkd(M) 7→ δ(·, [A]) ∈
(
Hkc δ(M)
)∗
is an isomorphism, therefore [A] is the trivial cohomology class in Hkd(M),
meaning that [A] = 0 in the sense of SA/GA as well.
To prove the second statement, we exploit Theorem 7.4 in order to rephrase
the hypothesis as O[α]
(
[Gω]
)
= 0 for each ω ∈ Ωktc δ(M). Fixing a repre-
sentative α ∈ [α] and exploiting the properties of G, the hypothesis reads
(Gα,ω) = 0 for each ω ∈ Ωktc δ(M). Taking into account ω of the form δξ,
ξ ∈ Ωk+1c (M), one deduces dGα = 0. Since supp(Gα) is spacelike compact,
Gα can be regarded as a representative of the spacelike compact cohomol-
ogy class [Gα] ∈ Hksc d(M). From the hypothesis, ([Gα], [ω])δ = 0 for each
[ω] ∈ Hktc δ(M), where (·, ·)δ denotes the pairing in (6.1). SinceM has a finite
good cover, Theorem 6.2 entails [Gα] = 0, hence there exists χ ∈ Ωk−1sc (M)
such that dχ = Gα. From this fact, together with δα = 0, the identity
δdχ = 0 follows. For k ≥ 2, Lemma 7.2 and Lemma 7.3, together with Re-
mark 7.5, provide χ˜ ∈ Ωk−1c δ (M) and χˆ ∈ Ω
k−2
sc (M) such that Gχ˜ = χ+ dχˆ.
For k = 1, χ = δdχ = 0, therefore one finds χ˜ ∈ C∞c (M) such that
Gχ˜ = χ. In both cases one deduces Gdχ˜ = Gα and δdχ˜ = χ˜. The first
identity implies dχ˜ = α+β for a suitable β ∈ Ωkc (M), while, applying δ to
both sides and taking into account the second identity too, one shows that
χ˜ = δβ. We conclude that [α] = [−δdβ] = 0 in EA. 
Remark 7.7. For k = 1 the second statement of Theorem 7.6 has interesting
implications for the spaces of classical observables considered in [6, 8].
In the case of [8, Section 3] observables are affine functionals whose lin-
ear part lies in EA, see (7.1). Furthermore, the linear part of the on-shell
condition for [8] coincides with the equation of motion for A. Therefore, on
account of the second statement of Theorem 7.6, on the space of classical
observables of [8] it is not possible to take any further quotient affecting
the linear part without restricting at the same time the space of configura-
tions on which the equivalence classes of the resulting space of functionals
are supposed to be evaluated. In fact, in [8, Section 7] the authors take
a quotient of the space of observables and simultaneously they restrict the
on-shell condition for field configurations.4
In the case of [6] it is shown that observables are sufficiently many to dis-
tinguish between gauge classes of on-shell field configurations, see [6, The-
orem 3.2]. Theorem 7.6 above entails also that there are no redundant
observables in [6], meaning that one can always find a configuration such
that two different observables provide a different outcome upon evaluation.
This result is a consequence of two facts: First, the linear part of the expo-
nent of an observable in [6] lies in EA, see [6, eq. (3.5)]. Second, once fixed an
on-shell configuration as a reference, all others are obtained adding A ∈ SA.
Therefore, for the linear part of the exponent we can apply Theorem 7.6.
That done, it is easy to check that also the purely affine parts coincide. This
shows that the space of classical observables introduced in [6, Section 3] for
the field theoretical model considered there is the correct one with respect
to the criteria presented in this paper.
4It is required that on-shell field configurations have zero charge, namely that their
curvature is a coexact 2-form, hence, according to Gauss law, they carry null charge.
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7.3. Generalized Faraday tensor. The background is provided by a m-
dimensional globally hyperbolic spacetime M . In the spirit of electromag-
netism, we consider a k-form F , k ∈ {1 . . . ,m − 1}. The dynamics for F
is introduced imposing dF = 0 and δF = 0. Notice that for k = 2, F can
be interpreted as the Faraday tensor of electromagnetism (without sources),
see e.g. [11, 16] for the case where also an external current is considered.
More formally, one can regard Ωk(M) as the space of off-shell field con-
figurations. Introducing also the linear differential operator
(7.2) d⊞ δ : Ωk(M)→ Ωk+1(M)⊕ Ωk−1(M) , (d⊞ δ)α = dα⊕ δα ,
which rules the dynamics of the field, one can specify the on-shell condition
according to (d⊞δ)F = 0. Therefore the space of on-shell field configurations
is given by
SF = ker
(
d⊞ δ : Ωk(M)→ Ωk+1(M)⊕ Ωk−1(M)
)
.
The following theorem provides a convenient characterization of SF .
Theorem 7.8. Let M be a globally hyperbolic spacetime and denote with G
the causal propagator for . Then the following is an isomorphism of vector
spaces:
Ωk+1tc d (M)⊕ Ω
k−1
tc δ (M)
(d ⊞ δ)Ωktc(M)
→ SF , [α⊕ β] 7→ G(δα + dβ) .
Proof. Consider the linear differential operator
(7.3) δ+d : Ωk+1(M)⊕Ωk−1(M)→ Ωk(M) , (δ+d)(α⊕ β) = δα+dβ .
Note that (d⊞δ)(δ+d)(ω⊕θ) = ω⊕θ for ω ∈ Ωk+1d (M) and θ ∈ Ω
k−1
δ (M).
Taking ω = Gα and θ = Gβ for α ∈ Ωk+1tc d (M) and β ∈ Ω
k−1
tc δ (M), one reads
(d⊞ δ)G(δα + dβ) = (d⊞ δ)(δ + d)(Gα⊕Gβ) = Gα⊕Gβ = 0
on account of the identities dG = Gd and δG = Gδ on Ωktc(M). Therefore
G(δ + d) provides a linear map from Ωk+1tc d (M)⊕ Ω
k−1
tc δ (M) to SF .
We check surjectivity of this map. Any F ∈ SF is both closed and co-
closed, therefore F = 0. The properties of the causal propagator entail
that we can express F as Gω for a suitable ω ∈ Ωktc(M). dF = 0 and δF = 0
ensure the existence of α ∈ Ωk+1tc (M) and β ∈ Ω
k−1
tc (M) such that α = dω
and β = δω, thus implying dα = 0 and δβ = 0 as well as ω = δα+ dβ.
We are left with the characterization of the kernel of the map under
consideration. It is clear that (δ + d)(d ⊞ δ) = , hence (d ⊞ δ)Ωktc(M)
is a subspace of the kernel. For the converse inclusion, consider α ⊕ β ∈
Ωk+1tc d (M)⊕Ω
k−1
tc δ (M) such that G(δα+dβ) = 0. It follows that δα+dβ = ω
for a suitable ω ∈ Ωktc(M). As a consequence, α = dω and β = δω, thus
concluding the proof. 
Remark 7.9. As in Remark 7.5, one has a way to represent the space of
spacelike compact solutions Ssc F of the equations of motion dF = 0 and
δF = 0 similar to the one of Theorem 7.8:
Ωk+1c d (M)⊕ Ω
k−1
c δ (M)
(d⊞ δ)Ωkc (M)
→ Ssc F , [α⊕ β] 7→ G(δα + dβ) .
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The argument to prove that the map above is an isomorphism is identical to
the proof of Theorem 7.8 except for the fact that forms are to be replaced
by spacelike compact ones, while timelike compact forms are to be replaced
by compactly supported ones.
Observables for the classical field theory of F are defined as functionals
on field configurations in the spirit of [13]. However, the equation of motion
being linear, we are allowed to restrict to linear functionals, therefore our
approach mimics that of [7]. First a space of off-shell linear functionals in
terms of k-forms with compact support is introduced:
EkinF = {Oα : α ∈ Ω
k
c (M)} ≃ Ω
k
c (M) ,
Oα : Ω
k(M) → R being defined by the formula Oα(β) = (α, β) for β ∈
Ωk(M), where (·, ·) is defined in (3.3). From non-degeneracy of (·, ·) it follows
that EkinF is isomorphic to Ω
k
c (M). This isomorphism will be considered as
an identification in the following. In particular, sometimes we will refer
to Ωkc (M) as the space of off-shell linear functionals. At this stage, E
kin
F
cannot be interpreted as a space of observables for the field theory of F
since no information about the dynamics of F is encoded. Specifically, given
α ∈ Ωkc (M), Oα can be evaluated on any off-shell configuration β ∈ Ω
k(M),
while a proper observable should be defined only on SF , namely for on-shell
configurations.
To encode the dynamics for F on EkinF , we proceed dually. Introducing
the pairing on Ωk+1(M) ⊕ Ωk−1(M) induced by the pairing (·, ·) on each
summand, see (3.3), one realizes that δ+d : Ωk+1(M)⊕Ωk−1(M)→ Ωk(M),
eq. (7.3), is the formal adjoint of d ⊞ δ : Ωk(M) → Ωk+1(M) ⊕ Ωk−1(M),
eq. (7.2). This fact is a direct consequence of the identity (δα + dβ, γ) =
(α,dγ) + (β, δγ), which holds true for each α ∈ Ωk+1(M), β ∈ Ωk−1(M)
and γ ∈ Ωk(M) such that both supp(α) ∩ supp(γ) and supp(β) ∩ supp(γ)
are compact. This result follows from δ being the formal adjoint of d, see
the discussion following Theorem 3.1. This suggests to define the space of
linear observables for SF as the quotient below:
EF = E
kin
F /(δ + d)
(
Ωk+1c (M)⊕ Ω
k−1
c (M)
)
.
An element [α] ∈ EF can be interpreted as an observable for on-shell field
configurations since Oα(F ) does not depend on the choice of a representative
α ∈ [α] provided F is on-shell, namely F ∈ SF . This implicitly defines linear
functionals O[α] : SF → R according to O[α](F ) = Oα(F ) for each F ∈ SF
and regardless of the choice of α ∈ [α].
Under the assumption that M admits a finite good cover, the following
theorem enforces the interpretation of EF as the correct space of classical
linear observables for the space of on-shell field configurations SF in the
sense stated below:
a. EF has sufficiently many elements to distinguish between different
on-shell configurations. In this respect, there is no reason to consider
a larger space of classical observables;
b. Given two different elements [α], [β] ∈ EF , there exists an on-shell
configuration F ∈ SF such that the evaluation of [α] and [β] gives
different results, namely O[α](F ) 6= O[β](F ). This fact entails that
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no further quotient of EF is allowed if one wants to consistently test
elements of this quotient on the whole SF . Accordingly, from a
classical perspective, one should not interpret any quotient of EF as
consisting of observables for the space of on-shell configurations SF .
As a matter of fact there would exist on-shell configurations that
cannot be tested in a consistent way by the elements of any further
quotient of EF .
The first statement follows from non-degeneracy of the pairing (·, ·) between
k-forms defined in (3.3), while the second is a consequence of Poincare´ du-
ality between cohomologies with spacelike compact and timelike compact
support, Theorem 6.2.
Theorem 7.10. On a globally hyperbolic spacetime M the following holds:
a. If F ∈ SF is such that O[α](F ) = 0 for each [α] ∈ EF , then F = 0;
b. IfM admits a finite good cover and [α] ∈ EF is such that O[α](F ) = 0
for each F ∈ SF , then [α] = 0.
Proof. The first statement follows from non-degeneracy of the pairing (·, ·) :
Ωkc (M)× Ω
k(M)→ R defined in eq. (3.3).
Let us consider [α] as in the second statement. For each F ∈ SF , Theorem
7.8 entails the existence of ω ∈ Ωk+1tc d (M) and θ ∈ Ω
k−1
tc δ (M) such that F =
G(δω + dθ). Exploiting the properties of d, δ and G, the hypothesis can be
rephrased as (dGα,ω) + (δGα, θ) = 0 for each ω ∈ Ωk+1tc d (M) and each θ ∈
Ωk−1tc δ (M), therefore both contributions must vanish identically. Choosing ω
and θ respectively of the form dρ and δσ, ρ, σ ∈ Ωkc (M), one shows that
both δdGα and dδGα vanish. Since Gα has spacelike compact support
and recalling (6.1), we deduce δ([dGα], [ω]) = 0 for each [ω] ∈ H
k+1
tc d (M) and
([δGα], [θ])δ for each [θ] ∈ H
k−1
tc δ (M). On account of Theorem 6.2, [dGα] and
[δGα] are the trivial elements of Hk+1sc δ (M) and respectively of H
k−1
sc d (M).
At this point we distinguish three possibilities:
2 ≤ k ≤ m − 2: Since [dGα] = 0 in Hk+1sc δ (M) and [δGα] = 0 in
Hk−1sc d (M), there exist ξ ∈ Ω
k+2
sc (M) and η ∈ Ω
k−2
sc (M) such that
δξ = dGα and dη = δGα. Applying d to both sides in the first
case and δ in the second, we get dδξ = 0 and δdη = 0. On ac-
count of the discussion for the vector potential, see Remark 7.1,
Remark 7.5, Lemma 7.2 and Lemma 7.3, for 3 ≤ k ≤ m − 3 one
finds ξ˜ ∈ Ωk+2c d (M), ξˆ ∈ Ω
k+3
sc (M), η˜ ∈ Ω
k−2
c δ (M) and ηˆ ∈ Ω
k−3
sc (M)
such that Gξ˜ = ξ + δξˆ and Gη˜ = η + dηˆ. For k = 2 and m ≥ 5,
nothing changes on the ξ-side, while δdη = 0 reduces to η = 0,
therefore one finds η˜ ∈ C∞c (M) such that Gη˜ = η. Similarly, for
k = m − 2 and m ≥ 5, one reads ξ = 0, ensuring the existence of
ξ˜ ∈ Ωmc (M) such that Gξ˜ = ξ, while nothing changes on the η-side.
For k = 2 and m = 4, dδξ = 0 and δdη = 0 reduce to ξ = 0 and
η = 0, hence ξ = Gξ˜ and η = Gη˜ for suitable ξ˜ ∈ Ω4c(M) and
η ∈ C∞c (M). In any case we obtain Gδξ˜ = Gdα and Gdη˜ = Gδα,
from which the identities δξ˜ = dα−µ and dη˜ = δα −ν for suit-
able µ ∈ Ωk+1c (M) and ν ∈ Ω
k−1
c (M) follow. In addition to that,
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one has dδξ˜ = ξ˜ and δdη˜ = η˜, therefore ξ˜ = −dµ and η˜ = −δν,
hence dδµ = dα and δdν = δα.
k = 1 and m ≥ 3: The calculation for dGα is left unchanged, while
[δGα] = 0 in H0sc d(M) means that δGα = 0, therefore there exists
ν ∈ C∞c (M) such that δα = ν = δdν.
k = m − 1 and m ≥ 3: Nothing changes for δGα with respect to the
case 2 ≤ k ≤ m − 2, while [dGα] = 0 in Hmsc δ(M) means that
dGα = 0. Therefore dα = µ = dδµ for a suitable µ ∈ Ωmc (M).
k = 1 and m = 2: In this case the fact that [dGα] and [δGα] are
the trivial elements of H2sc δ(M) and respectively of H
0
sc d(M) can
be rephrased as dGα = 0 and δGα = 0, therefore one can find
µ ∈ Ω2c(M) and ν ∈ C
∞
c (M) such that dα = µ = dδµ and δα =
ν = δdν.
Summing up, for any k ∈ {1, . . . ,m−1} one has dδµ = dα and δdν = δα for
suitable µ ∈ Ωk+1c (M) and ν ∈ Ω
k−1
c (M). Applying δ on both sides of the
first identity and d on both sides of the second, one has α = δµ + dν. 
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